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Abstract

Gas influx events during drilling remain a persistent source of operational risk because the observable signals used
for detection and response are indirect, delayed, and confounded by uncertain multiphase physics. Surface pres-
sure and flow measurements provide high-availability telemetry, yet they are filtered through annular hydraulics,
compressibility, and regime-dependent slip, while the downhole state of the influx evolves through dissolution,
expansion, and migration. This paper develops a real-time probabilistic digital-twin framework for kick detection
and response that explicitly couples thermo-solubility, transient two-phase transport, and regime-switching closures
with sequential Bayesian inference and risk-aware control. The central technical contribution is a hybrid reduced-
order model whose continuous state captures pressure, holdup, dissolved-gas inventory, and thermal effects, while
a discrete latent variable encodes flow-regime-dependent slip and friction structure. The model is embedded in
an online estimator that assimilates surface pressure and flow data to infer posterior distributions over influx size,
location, and composition-sensitive transport parameters, with quantified uncertainty and detectability metrics. A
risk-sensitive decision layer then maps the inferred state to choke and circulation policies formulated as chance-
constrained optimal control, with constraints representing pressure integrity margins and operational actuation
limits. The resulting architecture targets field utility by enforcing computational budgets, bounded-error updates,
and stability of closed-loop decisions under noisy telemetry. The framework is intended as a principled bridge
between mechanistic hydraulics and data-driven signal interpretation, emphasizing deployable inference and control
rather than retrospective reconstruction.

1. Introduction

Managing unintended formation inflow during drilling is fundamentally an inference-and-control prob-
lem under partial observability. The wellbore is a long, compliant, thermally stratified conduit in which
small changes in downhole state can be attenuated, delayed, or transformed before they appear at the
surface. In practice, the decision maker must map a stream of surface signals into an actionable hypoth-
esis about whether an influx exists, where it is, how large it is, and which intervention is safest given
competing constraints such as avoiding further underbalance, preventing excessive surface pressures,
and respecting fracture limits. The difficulty is not solely the complexity of multiphase flow, but also
the fact that the information content of surface measurements depends on transient dynamics, sensor
placement, and the regime-dependent relationship between pressure gradient and holdup. A modern
well-control tool must therefore treat kick handling as a closed-loop system: a physics model that is fast
enough for online use, an estimator that quantifies uncertainty rather than returning a single determin-
istic reconstruction, and a decision layer that accounts for safety margins probabilistically rather than
through ad hoc conservatism.

A second challenge is model mismatch. High-fidelity numerical simulators can represent detailed
annular transport and thermodynamics, but their computational cost and parameter demands often pre-
vent deployment under tight operational latencies [1]. Conversely, simplified hydraulics formulas can be
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run quickly but typically rely on closures whose validity can shift abruptly with changing flow regime,
mud rheology, temperature, and gas dissolution behavior. The consequence is a gap between tractable
real-time computation and physically credible prediction. Bridging this gap calls for reduced-order mod-
eling that preserves the mechanisms that matter for observability and control, while abstracting away
degrees of freedom that cannot be identified from available telemetry. The critical point is that reduction
must be done with the inference problem in mind: a reduced model is useful only insofar as it yields a
stable mapping from surface signals to latent influx state under realistic noise and parameter uncertainty.
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Figure 1: Online digital-twin loop for gas-influx handling: surface measurements are synchronized and filtered,
assimilated by a hybrid thermo—hydraulic model with regime uncertainty, and mapped to risk-aware choke/pump
actions under probabilistic pressure-integrity constraints.

Another difficulty is that gas behaves as both a transported phase and a thermodynamic species that
may partially dissolve into the liquid phase depending on pressure, temperature, and fluid chemistry. Dis-
solution changes both the volumetric signature of an influx and the rate at which it manifests as free gas.
It also affects density and viscosity, thereby altering pressure losses and slip. The operational implica-
tions are direct: a dissolved fraction can delay or soften surface indicators, complicating early detection,
while subsequent exsolution can accelerate volumetric growth during migration [2]. Accounting for
such effects within a real-time framework requires thermodynamic consistency without introducing a
full chemical process simulator into the loop. The framework in this paper addresses this by embedding
a compact equilibrium module into the transport model, with a structure that supports fast evaluation
and smooth sensitivities needed for filtering and control.

Finally, interpreting surface pressure signals requires recognizing that the same pressure trace can
correspond to different internal states depending on whether the annulus is static, circulating, or transi-
tioning through regime changes. In other words, the observation model is not stationary: the effective
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Figure 2: Hybrid reduced-order state-space structure: a continuous thermo—two-phase state evolves under regime-
conditioned closures, while a discrete latent regime follows a state-dependent Markov transition model that explains
abrupt changes in slip and friction behavior.
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Figure 3: Thermo—solubility coupling that reshapes the influx signature: local pressure/temperature determine
equilibrium dissolved capacity, mass transfer redistributes gas between dissolved and free inventories, and transport
with slip propagates the resulting compressibility and holdup effects into pressure evolution.

transfer function from downhole state to surface signals depends on flow regime, which itself may be
a latent variable influenced by gas holdup, liquid rate, and geometry. This motivates a hybrid represen-
tation in which regime is modeled explicitly as a discrete state that modulates continuous dynamics.
Such a representation makes it possible to perform inference over both the influx and the regime, and to
quantify when the data are insufficient to discriminate among competing hypotheses.

This paper proposes a unified architecture that combines a mechanistic yet reduced thermo-hydraulic
model, regime-switching closures, sequential Bayesian data assimilation, and risk-sensitive control [3].
The independent thesis is that real-time well-control decisions can be materially improved by treating
kick detection and response as a single probabilistic digital twin, where the estimator and controller are
co-designed around a hybrid reduced-order model that is explicitly constructed for identifiability from
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Figure 4: Sequential Bayesian assimilation loop: prediction and measurement update maintain a hybrid posterior
over influx and regime hypotheses, while parallel detection and detectability metrics quantify both event probability
and how informative current telemetry is for identifying influx size and location.
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Figure 5: Risk-sensitive decision layer: posterior uncertainty is propagated through a short-horizon optimizer that
selects choke/pump actions while enforcing probabilistic pressure-integrity constraints and explicitly accounting
for regime-dependent pressure-loss ambiguity.

surface telemetry. Rather than centering the contribution on any particular experimental dataset or sim-
ulator, the paper develops general mathematical structure: a conserved inventory formulation for free
and dissolved gas, a regime-conditioned drift representation with bounded complexity, an information-
theoretic detectability analysis guiding sensor utilization, and a chance-constrained control formulation
that maps posterior uncertainty into pressure-integrity guarantees. The remainder of the paper derives
the governing model, presents the hybrid reduction, develops the inference and control layers, and
discusses computational guarantees and deployment considerations.
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Figure 6: Information-aware closed loop: modest, constraint-compliant control perturbations can increase the
information content of surface signals, accelerating posterior concentration on influx and regime hypotheses and
improving safety margins without excessive conservatism.

Symbol Quantity Role in model Units

ps,t Pressure along annulus Drives influx, slip, solu- Pa
bility and pressure-balance
constraints

Ts,t Temperature profile Affects densities and gas K
solubility ¢*p, T'

as,t Free-gas holdup Determines mixture den- —
sity pm,, and compressibil-
ity

Um S, T Mixture velocity Governs convective trans- m/s
port of mass and energy

cqs, t Dissolved-gas concentra- Part of conserved inven- kg/m3

tion tory, controls hidden gas

fraction

op, Ty cq Liquid density Enters hydrostatic and fric- kg/m3
tion terms

pgp, T Gas density Links free-gas volume to kg/m®

mass; highly compressible

Table 1: Key distributed state variables in the thermo-hydraulic influx model.

2. Physical and Information-Theoretic Model of Influx Evolution

Consider a wellbore annulus parameterized by measured depth coordinate s € 0,L with s = 0 at
the surface and s = L at the bottomhole. Let ¢ denote time. The annulus is represented as a one-
dimensional conduit with cross-sectional area As and hydraulic diameter Dy, s, potentially varying with
geometry. The transported mixture consists of a liquid drilling fluid that may contain dissolved gas and
a free-gas phase dispersed as bubbles, slugs, or other structures [4]. Let as, t be the free-gas volumetric
holdup, u,, s, t the mixture velocity, ps, t the pressure, and 7T's, t the temperature. Let cg4s, t denote the
dissolved-gas mass concentration in the liquid (mass of gas per unit liquid volume), and let p;p, T, cq
and pgp, T' denote the liquid and gas densities, respectively. The mixture density is p,, = 1 — ap; apg.
For operational relevance, the objective is not to resolve fine-scale interfacial dynamics but to rep-
resent the integrated impact of gas inventory, compressibility, and slip on the pressure field and on
surface-observable quantities such as choke pressure, standpipe pressure shifts, and pit gain.

A convenient starting point is a conserved inventory formulation that separates free-gas mass from
dissolved-gas mass while allowing interconversion through thermodynamic equilibrium or finite-rate
transfer. Let m s, t be free-gas mass per unit length and mgs, ¢ be dissolved-gas mass per unit length.
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Symbol Definition Role Comment
mys,t Asas,tpgp, T Free-gas mass per unit Drives compress-
length ibility and slip
response
mgs,t Asl — as,tegs,t Dissolved-gas mass per Can mask influx
unit length in early stages
mgs,t my mg Total gas mass per unit Conserved in
length absence of
sources/sinks
Mgt 5 mgs,tds Total gas inventory in well- Primary  influx
bore size indicator
mq ds . . .
nat Fraction of gas dissolved in Controls volu-
myg ds liquid metric signature
at surface
I's,t Net transfer from dissolved Couples m ¢ and mq Relaxation
to free gas towards c*p, T'

Table 2: Gas inventory bookkeeping and phase-conversion variables in the conserved formulation.

Component Description Dimensionality Notes
pst Surface annulus pressure Scalar Directly mea-
p0,t sured; boundary
for profile
Pyt Bottomhole pressure pL,t Scalar Key for
under/overbalance
decisions
a;t Pressure-shape coefficients n,, states Capture  hydro-
in ps, t basis static and friction
gradients
bt Holdup-shape coefficients n. states Encode free-gas
in as, t basis spatial  distribu-
tion
Mgt Total gas mass in annulus ~ Scalar Integrates
mgs,t;  influx
size summary
Ngt Dissolved fraction of gas  Scalar in 0, 1 Links solubility
to observed com-
pressibility
Tet Effective temperature Scalar Controls  densi-
parameter ties and c*p, Te

Table 3: Reduced-order continuous state vector used in the hybrid thermo-hydraulic model.

Using A as cross-sectional area, one may write
mys,t = Asas,tpgps,t,Ts,t, mgs,t =Asl —as,tcys,t5. 2.1

Total gas inventory per unit length is mgy = my mg4. When a kick enters, an initial condition injects
gas mass into some interval near the bottom, either as free gas, dissolved gas, or both depending on
thermodynamic conditions and mud chemistry. The subsequent evolution includes advection with the
mixture, relative slip between phases, and redistribution between dissolved and free states as pressure
and temperature vary.

For transport, a reduced two-fluid description can be expressed in terms of mixture continuity, gas
inventory continuity, and mixture momentum, with a closure for slip. Let ¢; be the liquid volumetric
flow rate and ¢, the free-gas volumetric flow rate. Define superficial velocities j; = ¢ A and j, =
ggA. The mixture velocity is u,, = j; jg [6]. A drift representation writes the gas phase velocity as
Ug = Um Vg0, p,T;0, where vq is a drift or slip function with parameters 6 capturing regime and

o

rtheology effects. The liquid phase velocity is u; = u, — 72, vq When only two phases are considered.
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Regime r Slip/friction behaviour Typical conditions Modeling focus
Dispersed- Small V., weak holdup Low gas rate, high liquid Smooth  gradi-
bubble dependence of friction rate, nearly homogeneous ents, modest
flow compressibility
Slug / intermit- Moderate V., strong non- Intermediate gas fraction, Large pressure
tent linearity vs. « transitional structures fluctuations,
strong pit
response
Churn / transi- Highly variable V; and High gas fraction, complex Uncertain  clo-
tional losses structures sures; larger

process noise
Annular-like ~ Large V., friction domi- Gas-dominated flow, liquid Potentially high
nated by liquid film film on walls surface rates and
pressure peaks

Table 4: Qualitative flow-regime classes encoded by the discrete latent variable 7t and their closure implications.

Measurement  Symbol Link to state Main uncertainty
contributors

Choke  mani- p.t Function of pst and surface Gauge bias, man-

fold pressure hydraulics ifold dynamics

Surface annu- pst Boundary value of ps,¢  Sensor noise,

lus pressure wellbore storage

Return flow rate qout Depends on um, o at sur- Flow-meter bias,

face gas breakout at

surface

Pit volume Vjt Integral of volumetric Level —measure-

change expansion and storage ment error,
thermal  expan-
sion

Pump rate / gint Known input, informs u,, Actuator  track-

standpipe data ing, lag in
reported set-
points

Derived  pres- ¢ Functions of p., ps over Feature extrac-

sure features windows tion error,
aliasing

Table 5: Observation channels used in the digital twin and their relationship to the hybrid state.

In this representation, the free-gas holdup is determined implicitly by the relationship between j, and
ug, namely jg; = aug.

A compact gas inventory equation can be written by combining advection of free and dissolved com-
ponents with a source term representing dissolution and exsolution. Let I's, ¢ be the net mass transfer
rate from dissolved to free gas per unit length (positive for exsolution). Then

8{% % (myug) =T, 5% = (mau) = —T. 2.2)
This formulation conserves total gas mass in the absence of leakage and influx sources, while allowing
redistribution between phases. For many operational windows, interphase mass transfer can be approxi-
mated as fast relative to advection so that the dissolved concentration tracks an equilibrium function of
local pressure and temperature, ¢y = ¢*p, T, with a saturation limit. In other windows, finite-rate kinet-
ics may matter, and I" can be represented as a relaxation toward equilibrium, I' = kA1 —« (cd —c*p, T)
with rate coefficient x that may depend on turbulence and interfacial area. The digital-twin estimator
can treat x as uncertain and infer it if the telemetry is informative [7].
The equilibrium relation ¢*p, T is the thermodynamic core that determines how much of the gas inven-
tory can be hidden in the liquid. For synthetic-based or otherwise non-aqueous fluids, gas solubility can
be substantial at downhole pressures, and neglecting dissolution can bias inferred free-gas volume and
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Source of Model element Probabilistic ~ representa- Operational
uncertainty tion impact
Influx size and My, spatial holdup profile Prior over My, b;; updated Drives kick sever-
location by filter ity and circula-
tion time
Regime  mis- Discrete rt Markov chain with state- Alters predicted
classification dependent transitions pressure  losses
and slip
Solubility and ¢*p, T, factor ¢ Random-walk parameter Affects hidden
fluid composi- with wide prior gas fraction and
tion detectability
Thermal envi- Tet and related parameters Process noise on 7¢, uncer- Modulates
ronment tain s density and
expansion  with
depth
Model reduc- fx,u vs. true dynamics  Additive process noise wy Limits estimator
tion error confidence and
horizon length
Sensor bias and yy, Gaussian plus heavy-tailed Influences false
noise components alarms and state
dispersion

Table 6: Principal uncertainty sources and how they are represented in the probabilistic digital twin.

Aspect Implementation choice Rationale Expected benefit
State represen- Hybrid «¢, r£ with reduced Capture essential physics Real-time  fea-
tation bases with low dimension sibility with
physical inter-
pretability
Filtering archi- Rao—Blackwellized parti- Sample discrete regime, Lower variance
tecture cle filter linearize Gaussian part and better scala-
bility
Constraint han- Reparameterization  (e.g. Enforce physical bounds in Avoid unphysical
dling logistic for o) state space estimates under
noise
Model compari- Sliding-window likelihood Distinguish influx/no- Quantified detec-
son ratio influx hypotheses tion confidence
Information Online Monitor identifiability of Adjust control
metrics Fisher/observability indi- My, s conservatism to
cators data quality

Table 7: Summary of design choices in the Bayesian inference layer for influx detection.

thus predicted surface signatures. A mechanistic approach uses phase-equilibrium conditions expressed
through equality of chemical potential or fugacity between phases. In a reduced implementation, the
equilibrium module maps p, T" to a dissolved fraction via an equation of state and activity or fugacity
coefficients. A representative thermodynamic approach of this kind has been implemented in a simpli-
fied kick model by Manikonda et al. (2021), illustrating that an equilibrium-based solubility calculation
can be integrated into fast kick simulation while retaining quantitative agreement with higher-fidelity
process simulation [8]. In the present framework, the key requirement is not the particular equation of
state but that the map ¢*p, T' be smooth, monotone in pressure over relevant ranges, and differentiable
so that the filter can propagate sensitivities and the controller can assess risk margins.

The mixture momentum equation provides the link between gas inventory and pressure evolution,
which is the primary observable at the surface [9]. In one-dimensional form, a reduced momentum
balance for the mixture can be written as

2f57 t pmumlum|
DhS 2

0 i 2 op M., 2.3)

a (pmum) 5 (pmum) = 7% — Pm@ COS ¢s —
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Element Mathematical form Purpose Example con-
straint or cost

Underbalance  ppt > ppore Amin Prevent additional influx  Chance-

margin constrained with
high probability

Fracture PS, t < PfracS — Amax Avoid losses and formation Enforced via

integrity damage tightened basis-
coeflicient
bounds

Surface equip- pet < pmax Protect  choke/manifold Hard limit in opti-

ment limits hardware mization

Actuation lim- Aut bounded Respect choke and pump Rate and ampli-

its rateability tude constraints
in MPC

Risk measure  CVaRnZu of cost Z Emphasize tail events over Penalize scenar-

mean cost ios with high

peak pressure

Dual-control ~ Information penalty on Trade off exploration vs Prefer inputs

term TLHU control that reduce state
uncertainty

Table 8: Risk-sensitive control objectives and constraints for closed-loop well-control synthesis.

Limitation Impact on predictions Mitigation in framework  Possible  exten-
sion

One- Misses azimuthal asymme- Inflate process  noise, Two-

dimensional try and beds regime-aware closures compartment

annulus (high/low  side)
model

Simplified rhe- Approximate non- Effective viscosity and fric- Explicit cuttings

ology Newtonian effects tion multipliers and rheology
states

Coarse thermal Under-resolved tempera- Treat 7. as uncertain, Low-order tem-

model ture transients adapt from data perature profile
basis

Equilibrium-  May misrepresent finite- Uncertain factor ¢ and rate Richer mass-

biased rate transfer K transfer Kkinetics,

solubility calibration

Limited sens- Surface-only observability Detectability metrics and Integrate

ing gaps conservative control downhole  and
distributed sens-
ing

Table 9: Selected modeling limitations, their consequences, and directions for refinement within the digital-twin
architecture.

where g is gravitational acceleration, ¢s is inclination angle from vertical, f is a friction factor gener-
alized to non-Newtonian effective viscosity, and M, denotes correction terms capturing acceleration,
cuttings loading, and other effects that may be lumped into uncertain parameters if not directly mod-
eled. The friction factor and slip closure are precisely where regime dependence enters: as gas holdup
increases and structures transition from dispersed bubbles to intermittent or churn-like behavior, both
slip and pressure losses can change nonlinearly.

Temperature affects both densities and solubility. A reduced thermal model can be introduced to
capture the dominant effect: along-well heat exchange with formation and viscous dissipation. Denote
by h. rs an effective heat-transfer coefficient from wellbore fluid to formation and by 7'y s formation
temperature profile. A mixture energy balance, simplified to a convective-relaxation form, can be written
as

or or
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where 3 aggregates heat transfer per unit thermal mass and y aggregates viscous heating effects. In many
real-time contexts, the energy model is used primarily to correct density and solubility rather than to
predict detailed temperature transients, so 5 and x can be coarsely parameterized and inferred if needed
[10].

The purpose of formalizing these equations is not to claim a universally accurate multiphase simu-
lator, but to define a state-space model from which one can quantify observability of the gas inventory
from surface telemetry. Let yt represent measured signals such as choke pressure p.t, pump rate, return
flow rate, and pit volume. These are functions of the distributed state through boundary conditions and
integrals. For example, choke pressure is linked to p0, ¢ through surface manifold dynamics, while pit
gain is linked to the integral of volumetric expansion of the mixture relative to the baseline. A reduced
observation model can be written as y = Hp, o, ¢4, T v, where v is measurement noise.

To guide reduction, it is useful to consider the Fisher information content of y with respect to parame-
ters of interest such as total gas mass M, = OL mgs,tds, gas centroid location s.t, and solubility scaling.
In a linearized setting around a nominal trajectory, let ¥ denote a vector of such quantities and yt; ¥ the
predicted measurement. Under Gaussian noise with covariance Rt, the Fisher information accumulated

over a window tg, ¢ is
Jy T Jy
_t1 1
= (819) f t(&ﬁ . 23

A reduced-order model is valuable if it preserves the dominant sensitivities Oyd that determine
detectability [11]. This criterion motivates retaining explicit states for gas inventory and its conversion
between dissolved and free forms, because these directly influence compressibility and thus pressure
response. It also motivates introducing a discrete regime variable because it can cause discontinuous
changes in sensitivities that would otherwise appear as unexplained noise.

3. Reduced-Order Two-Phase Thermo-Hydraulics With Regime Switching

A distributed model is difficult to embed directly in a real-time estimator and controller, particularly
when the inference must explore multiple hypotheses over influx size and location. Reduction is therefore
necessary, but it should be structured to preserve conservation, monotonicity, and identifiable mappings
to surface data. The approach here is to represent the state with a small number of physically interpretable
lumped variables that approximate the pressure profile and gas distribution, while representing regime
effects through a latent discrete variable that modulates closure parameters.

Let the continuous state vector be zt, containing bottomhole pressure pyt = pL, ¢, surface pressure
pst = p0,t, a small set of coefficients a;t describing the pressure profile along s, a set of coefficients
b;t describing the free-gas holdup profile, total gas mass Mgt, dissolved fraction gt = :ZZ gz, and an
effective temperature parameter 7.t capturing average thermodynamic conditions relevant for solubility.
The pressure profile can be approximated by a basis expansion

ps;t = pst " aitis, (3.1)
1=

where 1); are smooth basis functions satisfying ¢;0 = 0 and scaled so that ; a;9;L = py — ps [12].
Similarly, the holdup profile can be approximated as

as,t =~ n"‘l bit v;s, (3.2)
1=
with ¢; chosen nonnegative and bounded so that the approximation respects o € 0, 1. The gas inventory
M, then constrains the combination of o and cg through the density relation. This representation turns
the PDE model into a set of coupled ordinary differential equations for the coefficients, obtained by
Galerkin projection or by enforcing integral balances on segments.
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The key nonlinearity is how gas inventory affects pressure gradients through compressibility, density,
and friction. In the reduced model, this effect is captured by defining an effective hydrostatic-plus-
friction map that links p, and ps given = and controls u (such as pump rate and choke opening). A
generic reduced pressure-drop relation can be written as

Py — Ps = (l)’pms,tgcos ¢sds gApfs,tds Apqt, 13 (3.3)

where Apy represents frictional gradient and Ap, represents acceleration and minor-loss contributions.
In a basis representation, these integrals become functions of the coefficients a;, b;, T, and closure
parameters.

Flow regime affects both slip and friction. Rather than attempting to deterministically map state to
regime via hard thresholds, the digital twin models regime as a discrete latent variable rt taking values in
a finite set representing broad structural classes of two-phase behavior. Each regime defines a parameter
vector 6,- controlling drift and friction closures. The continuous dynamics are then conditioned on r,
creating a hybrid system:

xt=f (xt,ut;@rt) wt, 3.4
Pr(rt At=j|rt=1,at) =1 (xt), (3.5)

where wt aggregates model error and unresolved dynamics, and II;; is a transition probability matrix
that can depend smoothly on gas holdup and flow rate, reflecting that certain transitions are more likely as
conditions change. The discrete-state formulation provides two advantages [14]. It allows the estimator
to attribute abrupt changes in pressure response to plausible regime transitions rather than to spurious
influx changes, and it allows the controller to hedge decisions against uncertainty in regime-dependent
pressure losses.

A practical reduced closure can be defined by writing the slip velocity as

vg =V, S (a; )\r> g (Pa Te) , (3.6)

where V. is a regime-dependent scale, S is a bounded shape function of holdup with parameter A, and
G captures compressibility and density ratio effects. The friction gradient can be written as

Apy = Ky a0 o0 [ |, (3.7)

where peg is an effective viscosity computed from rheology and holdup, and exponents m,., n,, ¢,
encode regime dependence while maintaining dimensional consistency via K,.. Such a parametric form
is not intended as a universal correlation; rather, it is chosen to be expressive enough to capture dominant
trends while having a small number of parameters that can be inferred online.

Static and circulating conditions differ in how pressure signals propagate and in which regimes are
prevalent. Under static shut-in conditions, the absence of imposed liquid circulation can lead to differ-
ent holdup structures and pressure-gradient behavior than under dynamic circulation, even for similar
gas inventories. Experimental observations linking annular flow patterns to measured pressure gradients
under static conditions have been explored using machine learning classification approaches, showing
that surface pressure responses can be informative of flow structure when mapped through an appropri-
ate model [15]. Within the present hybrid formulation, such empirical insights are used only to motivate
the explicit inclusion of a regime variable and to justify using surface pressure features as informa-
tive observations for rt; the digital twin itself remains grounded in conservation and pressure-balance
structure [16].

A reduced observation model must map the hybrid state to surface measurements. Let yt include
surface pressure p,, choke manifold pressure p., return flow rate gy, and pit volume change Vj,. A
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compact mapping can be written as
yt=nh (:Et, ut; 0”) ot, (3.8)

where vt is measurement noise. For example, pit gain is related to the net volumetric expansion of the
mixture, which depends on « and on dissolved fraction through exsolution. In the reduced model, one
can express the incremental pit volume rate as the difference between outlet and inlet volumetric flow
rates, corrected for compressibility and storage in the wellbore:

0
Vot & Goutt — qint 5 e (As as,t) ds Ct, 3.9

where Ct accounts for elastic wellbore storage and thermal expansion of the liquid. Because a and
its time derivative depend strongly on solubility and pressure evolution, pit gain becomes a coupled
observable that can help disambiguate whether a pressure anomaly corresponds to dissolved gas slowly
evolving versus a free-gas slug rapidly migrating.

Reduction introduces approximation error, so it is essential to bound its effect on inference. Let z*¢
be the state of a higher-fidelity model and xt the reduced state embedded in the estimator [17]. The
mismatch can be represented as a disturbance wt whose covariance or bounds are calibrated to ensure
that posterior uncertainty does not become falsely confident. A useful approach is to choose wt so that the
reduced model is conservative in the sense of enclosing high-fidelity trajectories within a tube with high
probability, which can be formalized through incremental stability and Lipschitz properties discussed
later. The hybrid structure also ensures that certain classes of mismatch, such as sudden changes in slip
behavior, can be absorbed by transitions in rt rather than corrupting the continuous estimate.

4. Bayesian Data Assimilation From Surface Measurements

Given the reduced hybrid model, the inference task is to compute a posterior distribution over the con-
tinuous state xt and regime 7t conditioned on the measurement history )}, = {y7 : 7 < t}. The
posterior must be updated online at operational sampling rates, and it must remain stable under non-
Gaussianity induced by regime switching, constraints « € 0,1, and nonlinear solubility effects. A
sequential Bayesian approach provides a principled mechanism for propagating uncertainty, detecting
when data do not support a unique inference, and producing confidence intervals needed for risk-aware
control.
Let the system be discretized at times ¢; with step At. The hybrid dynamics can be written as [18]

w1 = f (@, up; Or,) wi, 4.1)
rre ~ (- | T, ) 4.2)
Yk = h (zk, uks; 0r, ) O, (4.3)

with process noise wy, and measurement noise vi. The goal is px, 7. | Vi Because ry, is discrete and x,
is continuous and constrained, exact filtering is generally intractable, motivating approximate methods.

A suitable approach is a marginalized particle filter in which particles represent hypotheses over the
discrete regime trajectory and selected nonlinear continuous components, while conditionally Gaussian
components are updated by Kalman-like recursions. To enable marginalization, the continuous state can
be partitioned as x = 2™, 29, where 2™ contains strongly nonlinear variables such as dissolved fraction
and holdup coefficients, and 9 contains variables that can be linearized locally such as pressure basis
coefficients. Conditional on 2", r, the mapping from 29 to y may be approximated as locally affine with
Jacobian computed from the reduced model. This yields a Rao—Blackwellized structure that reduces
variance compared to a fully sampled particle filter.



librasophia 13

Let particle ¢ at time k carry xZ’i, ri and an associated conditional Gaussian distribution over z
with mean pj, and covariance P;}. The prediction step propagates each particle through the nonlinear
dynamics and regime transition:

i = 17 (5 sty ) i 4t
rha ~ (-t 4.5)
while the Gaussian part is predicted by linearization around the particle:

/’L’ng]_Vg = fg ($27i7/’(‘§ca Uk 97’2) 9 (46)
Pl = ALPLALT Qs 4.7

where A§c is the Jacobian of f9 with respect to x9 and Q}; is process noise covariance. The update step
uses the measurement model linearized similarly: [19]

yp =~ h (mZ(,i_l,Mimfl,uiﬂ;@Ti) H,f; (:Ei — ,u};“%l) Vs 4.8)

leading to a Kalman update for ,u}w P,i and an importance weight update for the particle based on the
innovation likelihood.

This formulation naturally incorporates constraints by reparameterization. For example, holdup coef-
ficients can be mapped through a logistic function to enforce o € 0, 1, and dissolved fraction 4 € 0, 1
can be similarly constrained. The solubility equilibrium map c¢*p, T, introduces strong nonlinear cou-
pling between pressure and dissolved inventory. Within the filter, it is beneficial to treat the equilibrium
map as deterministic given p, T, but to allow a multiplicative uncertainty factor ¢ capturing fluid-
composition variability and model mismatch, i.e., ¢* = (&*p,Te. The factor ¢ can be included as a
slowly varying state with a random-walk model, enabling the filter to adapt when the true solubility
deviates from nominal due to mud formulation differences.

Detecting an influx is not merely estimating its magnitude; it is also deciding whether the posterior
probability that an influx exists exceeds a threshold. A statistically consistent approach introduces a
model class M representing no influx and M representing influx, each with its own state evolution.
The filter then computes p M | Vi, via Bayesian model selection with an evidence ratio. In practice, to
avoid fragile dependence on priors, one can compute an approximate log-likelihood ratio over a sliding
window:

Py | Vi1, Ma

A= F  logtLamlrl (4.9)
B w1 % s [ V-1, Mo

and trigger detection when Aj exceeds a calibrated threshold that accounts for false-alarm tolerance
and operational context [20]. Because the hybrid regime state can explain certain transients without
invoking an influx, including 7 in both models reduces false positives that would otherwise arise from
regime-induced pressure changes.

An important aspect of this inference problem is that some variables are only weakly identifiable
from surface measurements at certain times. For example, early after influx entry, dissolved gas may
dominate and free-gas holdup may be small, yielding limited pit gain while pressure changes can be
subtle. To quantify this, the filter can compute an online observability score based on empirical Fisher
information approximations derived from particle sensitivities. For each particle, one can propagate a
sensitivity matrix Sy, = 09,0V with respect to parameters ¥ such as M, and s., and aggregate across
particles. The smallest singular value of an information matrix approximation then indicates when the
data are insufficiently informative, which is critical for safe decision making: if identifiability is low, the
controller must act conservatively even if the mean estimate appears benign.
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The hybrid filter can also incorporate feature-level information without sacrificing physical structure.
Surface pressure signals contain transient signatures such as oscillations and slope changes that correlate
with regime and with gas migration [21]. Rather than feeding raw features into an opaque predictor, the
framework uses them as additional noisy observations of the regime state rj, through an auxiliary like-
lihood p¢y, | r, where ¢ denotes extracted features such as normalized pressure derivative or spectral
content over a window. This allows data-driven signal interpretation to inform the discrete regime esti-
mate while the continuous physical state remains governed by conservation and pressure balance. The
result is a coherent posterior that merges mechanistic and statistical evidence in a single probabilistic
object.

Computationally, the filter must operate under strict latency constraints. The reduced model supports
this by limiting state dimension and by enabling parallel particle propagation. Further reduction can be
achieved by adaptively varying particle count based on posterior dispersion: when the posterior becomes
concentrated, fewer particles suffice; when regime ambiguity increases, more particles are allocated.
Resampling is performed cautiously to avoid particle impoverishment, especially in parameters like ¢
that evolve slowly. Stability is enhanced by injecting small rejuvenation noise and by enforcing physical
consistency checks such as nonnegative gas inventory and bounded holdup [22]. These measures are not
mere implementation details; they are necessary to ensure that the digital twin remains well behaved in
the face of real telemetry, which can contain dropouts, delays, and sensor biases.

5. Risk-Sensitive Well-Control Synthesis Under Posterior Uncertainty

Estimating the influx state is only useful insofar as it informs a control policy that reduces risk while
respecting operational constraints. In well control, actions include adjusting choke opening, modifying
pump rate, and selecting circulation strategies. These actions influence the pressure profile and thus the
driving forces for further influx or for safe removal. The key difficulty is that the state is uncertain and
the system is nonlinear and hybrid. A deterministic controller designed for a point estimate can lead
to unsafe decisions if the posterior has heavy tails or if regime ambiguity causes underestimation of
pressure losses. Therefore, the control problem is formulated as risk-sensitive optimization conditioned
on the full posterior produced by the estimator [23].

Let ut denote the control input vector, such as choke coefficient and pump rate. Let 2t and 7t denote
the hybrid state. Define a constraint function gz, u, r representing pressure integrity margins. Typical
constraints include keeping bottomhole pressure above pore pressure by a minimum margin to prevent
additional influx, and keeping wellbore pressure below fracture pressure by a margin to prevent losses.
Additional constraints include surface equipment pressure limits and actuation rate limits. Because x
and r are uncertain, constraints should hold with high probability. A chance constraint can be written
as [24]

Pr (g (xt, ut,rt) <0| yt) >1—c¢, 5.D

where € is a small risk tolerance. The function g can include multiple components; for example, one
component may be pyt — pPporell > Amin and another may be ps,t — pracs < —Amax for all s,
approximated in the reduced model by constraints on basis coefficients.

A tractable formulation over a finite horizon ¢, £ H is a receding-horizon risk-sensitive optimal control
problem. Let J be a cost functional penalizing deviation from desired pressures, excessive control effort,
and time to circulate out the gas inventory. Conditioning on the posterior, a risk-sensitive objective can
be written using an exponential utility or a coherent risk measure. A practical choice is conditional value-
at-risk (CVaR), which focuses on tail outcomes. For a random cost Zu induced by uncertainty in x, r
and process noise, CVaR at level « is

CVaR,Z = min (’7’ 1
TER 1

E|[Z - T]> ) (5.2)
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The control problem then becomes minimizing CVaR,, Zu subject to chance constraints. In a particle-
based implementation, the expectation is approximated over posterior samples, and chance constraints
can be enforced by requiring that constraints hold for a specified fraction of particles, possibly with
tightening to account for sampling error.

The hybrid regime state introduces additional complexity because different regimes yield different
predicted pressure drops for the same u [25]. To hedge against regime ambiguity, the controller can
optimize for a mixture model. If the posterior assigns probabilities 7; to regimes r = j, then predicted
outcomes are mixtures, and constraints can be required to hold for each regime with weighted risk.
Alternatively, one can enforce robust constraints against the worst-case regime among those with non-
negligible posterior mass:

max Pr (gz,u,j < 0| V,r=j) 2 1—¢, (5.3)
JERs
where R includes regimes with posterior probability above §. This approach avoids catastrophic
underestimation of friction when the system might transition into a higher-loss regime.

Control actions also influence observability. For example, adjusting choke or pump rate can create
excitation that makes pressure signals more informative about gas inventory and regime. This is an
instance of dual control: actions affect both the physical state and the information gained [26]. A digi-
tal twin can incorporate this by adding an information gain term to the objective, such as maximizing
expected Fisher information or minimizing posterior entropy over M, and s.. Let ;g denote a pre-
dicted posterior covariance after applying a candidate control sequence. An information-aware objective
could include log det X yu as a penalty. Because exact prediction of posterior under future measure-
ments is expensive, an approximation can be used in which the filter is propagated forward with assumed
measurement noise and linearized dynamics, yielding a predicted information matrix. Even approximate
information-aware control can reduce uncertainty more quickly, leading to safer and less conservative
decisions.

The control layer must also handle the thermodynamic coupling that can cause delayed exsolution.
If a significant portion of gas is dissolved at depth, maintaining higher bottomhole pressure can keep
gas in solution longer, potentially reducing surface gas handling demands but prolonging the period
of uncertainty. Conversely, reducing pressure to expedite circulation can cause exsolution and increase
free-gas volume, raising surface pressure and pit gain rates. The risk-sensitive formulation naturally
captures this trade-off because dissolved fraction is part of the state distribution and because constraints
are expressed probabilistically. The controller can therefore choose a pressure trajectory that balances
integrity margins against operational efficiency, without assuming that the dissolved-to-free conversion
is negligible [27].

To ensure safe closed-loop behavior, it is useful to establish sufficient conditions for constraint sat-
isfaction under bounded disturbances. Suppose the reduced dynamics are incrementally input-to-state
stable with respect to disturbances w within a set VV, and suppose the estimator provides a credible set
X} containing the true state with probability at least 1 — 4. If the controller ensures that constraints hold
for all x € &} and all w € W over the horizon, then constraints will hold in closed loop with probabil-
ity at least 1 — J minus approximation errors. While exact robust tube MPC can be conservative, this
reasoning motivates the practical strategy of combining posterior credible intervals with model-error
bounds to tighten constraints. The hybrid regime variable complicates these guarantees, but by main-
taining separate credible sets conditioned on regime and enforcing constraints across the mixture, one
can obtain a conservative yet computationally feasible safety envelope.

6. Computational Architecture, Stability, and Error Bounds

A real-time digital twin must operate reliably under constraints that are not present in offline model-
ing: limited computation, intermittent telemetry, sensor biases, and the need for transparent uncertainty
reporting. The architecture implied by the preceding sections consists of a reduced hybrid simulator, a
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sequential Bayesian estimator, and a risk-sensitive controller operating in a receding-horizon loop. This
section discusses how to structure computation, how to maintain numerical stability, and how to derive
error bounds that support safe decision making.

The reduced model must be evaluated thousands of times per minute when embedded in a particle-
based filter and an optimization-based controller [28]. To enable this, the model should have a small
state dimension, avoid stiff dynamics, and provide analytic or efficiently computed Jacobians. The equi-
librium solubility map should be implemented as a smooth function with bounded derivatives across
expected ranges of p, T,. If an equation of state is used, it should be reduced to closed-form or tabu-
lated approximations to avoid iterative root finding inside the filter. Consistency constraints, such as
conservation of total gas mass absent sources, should be enforced numerically through correction steps
that project states back onto physically admissible manifolds. For instance, after each propagation step,
holdup coefficients can be adjusted to ensure aes € 0,1 and that the implied free-gas mass does not
exceed total gas inventory.

Estimator stability depends on avoiding overconfidence. A common failure mode is that the filter
underestimates model error and thus collapses posterior variance, producing brittle control decisions
[29]. This is mitigated by explicit process noise wy, that reflects reduction error and closure uncertainty.
One can adapt Qi online by monitoring normalized innovation squared statistics. If innovations are
consistently larger than expected under the assumed measurement noise, the process noise is inflated.
Conversely, if innovations are consistently smaller, noise can be reduced but never below a floor rep-
resenting irreducible mismatch. Such adaptive noise tuning can be justified as an empirical Bayes
procedure that maximizes marginal likelihood, but in deployment it primarily serves to keep uncertainty
calibrated.

A hybrid system introduces additional numerical challenges because regime transitions can cause
discontinuities in predicted measurements. If the filter treats regimes as hard switches, particles can
receive near-zero likelihood and degeneracy can occur. This is mitigated by smoothing the dependence
of closures on r through regime-conditioned parameters that vary continuously within each regime and
by allowing soft transitions through I1;; that depend on continuous state. In addition, the observation
likelihood can incorporate a small heavy-tailed component to prevent outlier measurements from annihi-
lating particles, reflecting the reality that surface pressure can exhibit spikes due to equipment transients
[30]. The heavy-tailed likelihood can be implemented as a mixture of Gaussians with a small weight on
a large-variance component, which retains robustness without abandoning probabilistic semantics.

Beyond numerical stability, it is useful to establish analytical bounds that connect reduction error
to estimation and control error. Consider the reduced continuous dynamics x = fz, u; 6, and suppose
f is locally Lipschitz in x uniformly over admissible u and over regimes, with Lipschitz constant L.
Suppose the true dynamics differ by an additive disturbance dt with ||dt|| < d. Then the state error
et = z*t — xt between true and reduced trajectories under the same input satisfies the Grénwall bound

p d
let]| < lleolle®s* Gt Tddr = |let|| < [le0]je™* I, (™t —1), (6.1)
f

provided Ly > 0. This bound is conservative but useful: it motivates keeping L ; small through appro-
priate state parameterization and scaling, and it motivates limiting horizon length in the controller when
model mismatch is high. In the hybrid case, one can apply such bounds piecewise between regime tran-
sitions and then incorporate additional jump errors due to parameter changes, which can be bounded if
regime-conditioned parameters lie within known sets [31].

For the estimator, if the observation model is locally Lipschitz and the measurement noise is bounded
in variance, then posterior covariance cannot shrink arbitrarily fast unless the system is strongly observ-
able. The online information score mentioned earlier provides a practical detectability indicator. When
detectability is low, the estimator should report wide credible intervals and the controller should enforce
more conservative constraints. This coupling between detectability and control conservatism is a core
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principle of safe probabilistic decision making: confidence should be earned from informative data rather
than assumed.

The computational architecture should also handle telemetry delays. Surface measurements may
arrive with latency, and some measurements such as return flow can be delayed relative to downhole
events. This can be handled by augmenting the state with delay lines or by applying a fixed-lag smoother
that reprocesses the last W measurements [32]. A fixed-lag smoother can substantially improve regime
inference because regime transitions may be better inferred after observing subsequent pressure evolu-
tion. Implementation-wise, smoothing can be performed by storing particle ancestry over the lag window
and reweighting. The control layer can operate on the filtered posterior for immediacy while the smoother
refines historical estimates for diagnostics and model adaptation.

Validation of such a digital twin is not solely about matching a particular trajectory but about cal-
ibrating uncertainty. The appropriate evaluation asks whether true states lie within predicted credible
intervals at the claimed rates, whether detection triggers have controlled false-alarm probabilities, and
whether control actions maintain constraints under uncertainty. When laboratory or field datasets are
available, one can use posterior predictive checks: simulate from the posterior over states and parameters
and compare simulated measurement distributions to observed measurements, focusing on features rele-
vant for decisions such as maximum surface pressure and pit gain rates. If the digital twin systematically
underpredicts extremes, risk constraints should be tightened.

The regime-switching concept is particularly relevant under dynamic circulation, where the relation-
ship between pressure gradient and flow structure can shift with gas rate and viscosity [33]. Experimental
work under dynamic conditions has shown that supervised and unsupervised learning methods can clas-
sify flow regimes and relate them to surface pressure and flow data with high accuracy [34]. In the
present framework, the significance of such results is that they support the feasibility of treating regime
as an inferable latent variable from surface data, enabling the hybrid filter to allocate probability mass
across regimes rather than collapsing to a single assumed closure. The digital twin does not require the
same classification models; it uses the broader idea that regime leaves a detectable footprint in surface
telemetry, which can be integrated into a probabilistic hybrid estimator.

7. Discussion of Limitations and Extensions

Any reduced probabilistic model for well control must navigate a trade space among physical fidelity,
identifiability, and computational tractability. The framework developed here is designed to be deploy-
able, but it necessarily abstracts away certain effects that can matter in specific contexts. Discussing these
limitations is not a caveat to the approach but a practical guide to where model extension is warranted
and how uncertainty should be represented when extensions are not feasible.

One limitation is the one-dimensional assumption. Annular flow can exhibit azimuthal asymmetries,
especially in deviated wells, eccentric annuli, and in the presence of cuttings beds [35]. Such effects
can alter holdup distribution and effective friction. In the reduced model, these are lumped into regime-
dependent parameters and process noise. This is reasonable if the surface telemetry cannot uniquely
identify azimuthal structure, but it may become insufficient when severe eccentricity causes systematic
bias in pressure gradients. A possible extension is to use a two-compartment model representing high-
side and low-side flow paths, coupled by crossflow, still maintaining low dimensionality. The hybrid
regime variable can then represent not only vertical flow patterns but also bed formation states, again
treated probabilistically.

Another limitation concerns cuttings transport and non-Newtonian rheology. Drilling fluids often
exhibit yield stress and shear-thinning, and cuttings concentration can change effective density and vis-
cosity. The reduced friction parameterization includes an effective viscosity term, but in deployment one
may need to explicitly track cuttings concentration as a state if it varies rapidly or if it covaries with influx
signatures [36]. The challenge is that cuttings concentration may be weakly observable from surface
pressure alone. Incorporating it without additional measurements can inflate uncertainty and complicate
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inference. A practical compromise is to represent cuttings effects as a slowly varying friction multiplier
inferred over longer windows, thereby capturing drift without overfitting short-term transients.

Thermal modeling is another area where reduction can both help and hinder. Temperature affects sol-
ubility and density, but surface temperature measurements may be limited and downhole temperature
may be unobserved. The reduced thermal parameter 7T, is intended to capture the main effect on solu-
bility. However, if significant thermal transients occur, such as during prolonged circulation changes, a
single parameter may be inadequate [37]. Extending the thermal model to a low-order profile expansion
similar to the pressure basis can improve fidelity, but it also increases state dimension and may degrade
identifiability. In such cases, the digital twin should treat thermal uncertainty explicitly and propagate
it into solubility uncertainty, thereby avoiding false confidence in dissolved fraction estimates.

The equilibrium dissolution assumption can also be context dependent. In some cases, mass transfer
between free and dissolved gas may not be instantaneous, especially if flow is laminar or if interfacial area
is limited by large gas structures. The relaxation model with rate « partially addresses this, but inferring
x online may be difficult because its effect can be confounded with regime and with gas inventory. Here,
identifiability analysis is critical: if Fisher information indicates that « is not identifiable from available
signals, the estimator should not attempt to estimate it aggressively. Instead, it can marginalize over a
plausible range of «, leading to wider but more honest uncertainty in predicted pit gain and pressure
evolution [38].

The controller formulation emphasizes chance constraints and tail risk, but operational decision mak-
ing also depends on procedural constraints and human factors that are difficult to encode mathematically.
For example, certain choke adjustments may be disallowed by procedures, or operators may require inter-
pretability and stable recommendations rather than rapidly changing controls. These considerations can
be incorporated by adding penalties on control rate changes and by constraining the controller to a sub-
set of admissible policies. One can also implement a supervisory layer that translates the continuous
optimal control outputs into discrete procedural recommendations, while retaining the posterior risk
metrics to inform operator judgment.

A key extension is to integrate multi-source data. While the paper focuses on surface pressure and
flow signals, modern operations may include downhole pressure-while-drilling, acoustic measurements,
or distributed fiber sensing. Each additional sensor can dramatically improve observability and reduce
posterior uncertainty. The framework is designed to accommodate this by expanding the observation
model hx, u and measurement vector y [39]. The main requirement is that each sensor be characterized
by an uncertainty model and latency model so that the filter can correctly weight information. Adding
downhole pressure transforms the problem: the pressure profile becomes partially observed, and the
estimator can disentangle friction changes from gas inventory changes more robustly. In such settings,
the hybrid regime variable remains valuable because regime affects how pressure differences between
sensors map to holdup and slip.

Finally, the relationship between the reduced model and any data-driven components should be
treated carefully. The hybrid filter can incorporate data-driven regime likelihoods or feature models,
but these must be calibrated to avoid injecting overconfident classifications that override physical consis-
tency. A principled way to do this is to treat data-driven outputs as soft evidence with explicit uncertainty,
and to allow the filter to disagree when physical constraints make a classification implausible. This pre-
serves the integrity of the probabilistic semantics and prevents a learned classifier from becoming a
single point of failure [40].

8. Conclusion

This paper presented a real-time probabilistic digital-twin framework for gas influx detection and well-
control decision making that unifies reduced thermo-hydraulic modeling, thermodynamic dissolution
effects, regime-switching closures, sequential Bayesian inference, and risk-sensitive control. The core
methodological contribution is a hybrid reduced-order state-space model that conserves gas inven-
tory while explicitly representing conversion between dissolved and free gas, and that accounts for



librasophia 19

regime-dependent slip and friction through a discrete latent variable. Building on this model, the paper
developed an online estimator that assimilates surface telemetry to produce posterior distributions over
influx size, location, and key transport parameters, accompanied by detectability metrics that indicate
when the data support confident inference. A risk-aware control layer was then formulated using chance
constraints and tail-risk objectives to map posterior uncertainty into safe choke and circulation policies
under integrity constraints.

The overall thesis is that well-control decisions benefit from treating detection and response as
a single probabilistic closed-loop problem rather than as separate deterministic steps. By explicitly
propagating model and regime uncertainty, the framework avoids brittle reliance on point estimates
and provides a structured basis for conservative action only when warranted by limited information.
The reduced formulation targets field deployment by emphasizing computational tractability, cali-
brated uncertainty, and bounded-error reasoning. Future work within this framework includes extending
the reduced state to capture eccentric annulus effects and cuttings dynamics when telemetry sup-
ports it, integrating additional sensing modalities to strengthen observability, and refining model-error
representations to improve calibration across diverse well geometries and mud systems [41].
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